Abstract. In this paper, we discuss the relationship between multi-attribute utility theory and DEA models without explicit inputs (DEA-WEI), including dual models and some theoretical analysis of DEA-WEI models. We then propose generic DEA-WEI models with quadratic utility terms. Finally, we provide illustrative examples to show that DEA-WEI with suitable quadratic utility terms are able to reflect some value judgments that the standard DEA models cannot.
Introduction
Since its introduction in 1978, DEA has been widely used in the performance analysis of many business and nonprofit evaluation procedures. One unique feature of DEA is that it allows assessed DMUs to assign their most favourable weights to maximise their scores in the assessments. Therefore, if a DMU is classified as inefficient under the weights that are the most favourable to this DMU, it can hardly be argued that its inefficiency is due to an unfair weight selection. There exist many DEA models, among the most well known of which include the CCR model (Charnes et al. 1978 ), the BCC model (Banker et al. 1984 ), the Additive model (Charnes et al. 1985) , and the Cone Ratio model (Charnes et al. 1989 ). Excellent reviews on DEA theory and applications may be found in several recent books, e.g., Cooper et al. (2000 Cooper et al. ( , 2004 Cooper et al. ( , 2006 , Cook et al. (2009) . These DEA models are all formulated for desired inputs and outputs to measure the technical efficiency of DMUs.
In many applications, however, there are no explicit input data available. In practice, there may be two types of motivations to employ DEA models without explicit inputs.
First, in some business and management studies, several ratio indicators, such as GDP per capita, the revenue-expenditure ratio, value-added per employee and profit per cost, are often used to measure performance. In this case, it is clearly difficult or sometimes impossible to reformulate the data into original inputs and outputs and then apply the classic DEA models to measure the performance of DMUs. Second, there are indeed many multi-criteria decision and evaluation problems that do not need to consider input (sometimes output) variables (such as the evaluation of national overall power). For more details, the readers are referred to the study by Liu et al. (2011) for a literature review.
The first systematic study on these DEA models is that by Lovell and Pastor (1999) , who in their paper "DEA models without inputs." They attempt to demonstrate the
following conclusions: "(i) a CCR model without inputs (or without outputs) is meaningless; (ii) a CCR model with a single constant input (or with a single constant output) coincides with the corresponding BCC model."
In our recent work (Liu et al., 2011) , systematic studies are conducted for this group of DEA models, which are called DEA models without explicit inputs (DEA-WEI models).
It is well known that the classic DEA is to measure the technical efficiency of the input-output system of the DMUs, while in general DEA-WEI does not reflect this.
Therefore, it is important to clarify its theoretical foundation. This study is the first attempt in this direction. In this paper, we continue our investigation on DEA-WEI and link DEA-WEI models with multi-attribute utility theory. As one possible application, we show that it is useful to use nonlinear utility to reflect the value judgment of the decision-makers (DMs).
The paper is organised as follows: Section 2 presents the relationship between DEA-WEI models and multi-attribute utility theory. In Section 3, we study quadratic DEA-WEI models. Section 4 presents an empirical study of quadratic DEA-WEI models, and the conclusion is provided in Section 5.
The relationship between utility theory and DEA-WEI models

Extended utility function with variable weights
Multiple Attribute Utility Theory (MAUT) is one of the major analytical tools used in the field of decision analysis. An excellent review of MAUT is provided in studies by Keeney and Raiffa (1976) and von Winterfeldt and Edwards (1986 of the interactions between attributes on preferences. In applications, DMs must firstly determine the form of the utility (e.g., the order of the utility), and then the weights are to be estimated to apply the MAUT in applications.
For simplicity, if we let   r fY be the value of DMU j 's partial utility function. The function may then be written as follows: (Saaty 1980 (Saaty , 1986 Forman and GASS, 1999) , and data-based approaches, such as the Entropy method (see Hwang and Yoon, 1981; Zeleny, 1982) and Principal Components Analysis. It is well documented (Fishburn, 1970 ) that in real applications, the most widely used form remains linear utility, although the additivity assumption can hardly be verified. DEA-WEI is generally used for evaluation purposes, although as mentioned before, it may not reflect technical efficiencies of the DMUs. However it can be observed that the functional form of its objective function shares a family resemblance of the classic utility function, and thus now we will discuss the possible relationship between them.
Unlike in the classic utility theory, here only the functional form of the objective function (i.e., what terms in U(Y) should be included in the evaluation) is determined by the DMs of the evaluation to reflect a subjective emphasis on the evaluation, whereas the (DMs of) DMUs determine the coefficients of the terms by DEA-style programming to present their own advantages. In this sense, the formulation can be regarded as an extended utility. This utility can only be understood as a pricewise function, unlike the standard utility functions, and each DMU uses its different marginal utilities at different parts (vertices), as the weights are no longer global but local. The classic DEA-WEI simply uses the linear terms, and all of the outputs are considered to be equally important in the DEA-style programming. However, it is possible to include higher-order terms to reflect some value judgments of DMs as is illustrated in the empirical studies, offered below, where the decision-makers for the evaluations chose to add a quadratic term in () uY to reflect their subjective value judgments, whereas the coefficients are determined by DMUs to present their own advantages in evaluation.
Therefore it is possible to determine the weights from another point of view (DEA approach): we will allow the weights to differ between DMUs; that is, different 
where w is the weight vector and S is the weight constraint set.
The dual models
We will now consider the dual model of DEA model (2) . We first introduce the Envelopment form of utility DEA-WEI model:
This model has also appeared in several applications, such as that by Yang and Kuo (2003) , who apply a BCC model without inputs to solve the facilities layout performance frontiers problem. Lovell and Pastor (1999) regard this model as the output-oriented BCC model, with the inputs being assumed equal to unity. In our opinion, this argument is not quite precise. In fact, we find that because all the inputs have been assumed to be unity or because the data are index data, it is meaningless to consider the Production Possibility Set (PPS) and return to the scale problem as one would with the standard DEA models. Here we will show the relationship between models (2) and (4).
Theorem 1:
The optimal value of model (2) is the reciprocal of that of model (4); that is,
Proof: Then, the dual model of (2) (6) equals those of models (5) and (2), and because the optimal value of model (4) equals the reciprocal of that of model (6),
we may easily conclude that the optimal value of model (4) is the reciprocal of that of model (2).
Quadratic DEA-WEI models based on quadratic utility terms
Generally, utility functions are to be estimated for any real application. Although the linear truncation is the most widely used form in practice, linearity cannot reflect evidence enhancement (Yang et al., 1994 (Yang et al., , 2002 , as illustrated below.
For example, suppose that there are two utility functions: one of them is the additive
, and another is the quadratic item 2
 , where 12 , xx are two examination results (0-5 in 5 scale) for the same subject. When using the linear model, one may obtain reasonable overall scores so long as the examined score in either subject is very good. This is not the case for the nonlinear model -one would have very poor overall scores if either examined score is so. Therefore, if in some applications we must emphasise two or more indicators, one cannot simply use the standard DEA models directly. In this section, we will examine DEA-WEI models with quadratic terms.
Following the general form of a utility function, the generic quadratic DEA-WEI reads as follows: 
Model (10) 
As we know, Russell measurement is more discriminating than radial measurement at estimating inefficiencies, so quadratic DEA-WEI models with the Russell measure may be more discriminative, as will be seen later.
Empirical studies
In this section, we present two illustrative examples of quadratic DEA-WEI models, Consequently, the CAS has chosen to add a quadratic term y 5j *y 6j in the utility function to reflect its emphasis on training and external grant, Therefore, we add the quadratic term y 5j *y 6j in Model 13.
The formula used to standardise these indexes is To understand the rank changes more clearly, we again examine the changes in the peers on the frontier by comparing the reference points of evaluated DMUs in Model 14 and Model 13, as shown in Table 4 below: From efficiency scores in Column 2 and Column 5 in Table 4 
Conclusions and Discussions
In this paper, we address a research framework of utility DEA-WEI models and discuss the following subjects: 
